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Notation. Let D(a,r) denote the disc in C centered at a with radius r. Let
H = {z € C: Imz > 0} be the upper half plane.

1. Evaluate the following integral

1 cos (€7)
— dz.
27i / sin?(z2) ‘




2. Let f be a non-constant analytic function on the closed unit disk
(0,1). Suppose that |f (z)| = 1 if |z| = 1. Prove that f(D(0,1)) =
(0,1

S T



3. Let

10=% Ginls)

Prove that J(z) is entire and satisfies that

2J"(2)+ I (2)+2J (2) = 0.



4. Prove that for any a € C and any integer n > 2, the polynomial
2022 4 az + 2023z™ has at least one root in the unit disk D(0, 1).



5. Let f be a holomorphic function in the unit disk D(0, 1) that is injective
and satisfies f(0) = 0. Prove that there exists a holomorphic function
g in D(0,1) such that (g(2))?°% = f(22"23) for all z € D(0,1).



6. Let f1 : D(0,1) — D(0,1) be a non-constant holomorphic function and
define inductively

1

=——:D(0,1 f N.
T+ fu(2) (0,1) —» C, for n €

Jnt1(2)

a) Show that for each n € N, the function f, is a holomorphic function
in the unit disc D(0,1).

b) Does the sequence of holomorphic functions { f,, },en form a normal
family in D(0,1)? Explain your answer.



7. Let u(z) = u(x,y) = 2% — 3xy? — 6zy. Find all entire functions f(z)
such that Ref(z) = ( )



8. True or False. There is a sequence of holomorphic functions {f,}5°,
on the unit disc D(0, 1) such that f,(z) — cos(z%) as n — oo uniformly
on the circle |z| = 3.



9. Let F be the family of all holomorphic functions
f-H—=>Q={2€C:|z| > 1} such that f(i) = 2.

Give the best estimate for |f(37)| for f € F.

10



